Abstract-In this paper, we consider the extension of the Fourier transform to biquaternion-valued signals. We introduce a transform that we call the biquaternion Fourier transform (BiQFT). After giving some general properties of this transform, we show how it can be used to generalize the notion of analytic signal to complex-valued signals. We introduce the notion of hyperanalytic signal. We also study the Hermitian symmetries of the BiQFT and their relation to the geometric nature of a biquaternion-valued signal. Finally, we present a fast algorithm for the computation of the BiQFT. This algorithm is based on a (complex) change of basis and four standard complex FFTs.
the signals into a kind of long-vector-such as for instance a 6-component electric and magnetic field vector-nor by using quaternions. From this point of view, the use of biquaternions seems necessary.
Biquaternions are isomorphic to the Clifford algebra . We could have used the notations and formalism of Clifford algebra in this paper. However, we made the choice of using the biquaternion formalism. This choice is made for consistency with the previous work of one of the authors [1] , and also because two authors of the present paper have developed a Matlab toolbox for quaternions which has many biquaternion capabilities [2] .
This paper contributes to the study of generalizations of the Fourier transform to hypercomplex number systems, which has gained interest in the last decade. The first major step was performed by Ell [3] who considered quaternion Fourier transforms in his Ph.D. thesis in 1992. Chernov [4] [5] [6] introduced the quaternion and Clifford-valued Fourier transform for use in fast algorithms of conventional complex-valued 2-D Fourier transforms in 1995. These ideas were then generalized by Sommer et al. (see [7] for a thorough review of their work) to Clifford algebras. Shortly after the work of Chernov, the problem of quaternion Fourier transforms was studied by Sangwine [1] (later in collaboration with Ell) and in parallel by Pei [8] for the definition of a Fourier transform for color images.
The transform we propose in the present work, the BiQFT, will be applied to signals with biquaternion-valued samples. This is a significant difference from previous work where the components of the signals considered took values over the reals. The BiQFT generalizes many of the interesting properties of the usual Fourier transform to biquaternion-valued signals. Furthermore, we will see that it can be used to define a generalization of the notion of analytic signal to complex-valued signals. Indeed, we will use it to introduce the notion of hyperanalytic signal. We will also study the Hermitian symmetries of the BiQFT. We will arrive at the interesting result that signals with different geometric natures transform, via the BiQFT, to spectra with different (and complementary) Hermitian symmetries. This means that the BiQFT preserves, in the spectral domain, the separation that exists in the time domain between signals with different geometries. In this sense, the BiQFT is adapted to the motivation for its introduction mentioned at the beginning of this section.
In the following, it will be possible to note that the BiQFT is different from the ones developed by Bülow [9] , who proposed a quaternion Fourier transform for 2-D scalar-valued images, and by Felsberg [10] who defined a Clifford Fourier transform for -dimensional scalar-valued signals, and by Ebling and Scheuermann [11] who proposed a Clifford Fourier transform (with bivector or pseudo-scalar exponential) to analyze vector-field images. In particular, our approach is different from this last example in the definition of the exponential kernel. In fact, the transform of Ebling and Scheuermann is a special case of the transform proposed in this paper. In our approach, the axis of the exponential is biquaternion-valued, introducing a degree of freedom in the transform orientation. This point will be detailed in Section III. Thus, the proposed transform is a generalization of the quaternion transform proposed by Ell and Sangwine for color images [1] , [12] .
The paper is organized as follows. First, in Section II we introduce the biquaternion algebra and some of the properties of biquaternions including the exponential of a biquaternion and the biquaternion roots of . Also, biquaternion-valued signals are presented and it is seen how they can be used to encode coexisting signals of different geometric natures. Then, in Section III we introduce the definition and properties of the biquaternion Fourier transform. In Section III-C, we give an application of the BiQFT in the form of the definition-and some examples of-the notion of hyperanalytic signal. In Section IV we study the Hermitian symmetries of the BiQFT and their relation to the geometric properties of biquaternion-valued signals. Finally in Section V we propose a fast algorithm for the calculation of the transform using four complex fast Fourier transforms (FFTs) and allowing calculation of the transform with complexity of order . Conclusions are given in Section VI.
II. BIQUATERNIONS
Biquaternions form an 8-dimensional algebra first discovered by Hamilton in 1853 [13] . In the following, we present their definitions and useful properties. For a more complete discussion, a good reference is Ward's book [14] .
A. Basics
Biquaternions, also known as complexified quaternions, are quaternions with complex coefficients. The set of biquaternions is generally denoted . Definition 1 (Biquaternions): A biquaternion , is written in its Cartesian form as (1) where are complex numbers. We write complex numbers using the notation (2) and so any complex number is noted: . It is also possible to write a biquaternion in the following form: (3) where is the (complex-valued) scalar part of while is its (complex quaternion-valued) vector part. Also, the real and imaginary parts (with respect to ) of a biquaternion are respectively defined as (4) where and are (real) quaternions, allowing us to write any biquaternion as . The multiplication of biquaternions is carried out using the usual rules of quaternion multiplication [14] , along with the additional rules: (5) which are equivalent to stating that the complex imaginary unit commutes with the quaternion imaginary units . From these two definitions we can see that biquaternions form an 8-dimensional associative algebra. However, they do not form, as we will see, a normed division algebra because there exist nonzero biquaternions with vanishing norm.
B. Conjugation and Norms

1) Conjugation:
There are two basic ways of conjugating a biquaternion. Quaternion conjugation is related to the imaginary units and complex conjugation to .
Definition 2:
The quaternion conjugate of a biquaternion is (6)
The complex conjugate of a biquaternion is defined as
where are the complex conjugates of the complex coefficients of .
Definition 4: Biquaternion conjugation is the combination of the two conjugations that have just been defined. The biquaternion conjugate of is thus (8) Note that biquaternion conjugation is known as the reversion operation in the Clifford algebra formalism. Similarly, quaternion conjugation corresponds to Clifford conjugation and complex conjugation to grade involution. It is interesting to note that, while complex conjugation is multiplicative, i.e., , quaternion conjugation and biquaternion conjugation are involutive. That is, for instance, .
2) Norm and Semi-norm of a Biquaternion:
The definitions of complex conjugation and quaternion conjugation can be used to define a norm and a semi-norm on biquaternions.
Definition 5: The following real positive-definite expression:
defines a norm, , on the vector space of biquaternions. As mentioned before, biquaternions are not a normed algebra. So the norm is not multiplicative,
. It is however possible to construct a complex-valued semi-norm which is multiplicative.
Definition 6:
The semi-norm of a biquaternion is defined as the complex number (10) Note that . The semi-norm is multiplicative. However, the semi-norm is complex-valued and it can vanish for a nonzero biquaternion. 2 For example, the biquaternion satisfies and . If then , and if then .
C. Biquaternion Roots of
An important issue in defining a biquaternion Fourier transform is to define a biquaternion-valued exponential for the kernel of the transform. In the following, we will mainly consider exponential kernels containing a biquaternion root of . The definition of such roots was recently introduced by Sangwine [15] . Their presence in the exponential kernel is essential to many properties of the BiQFT as well as for the fast Fourier transform (FFT) decomposition presented in this paper, Section V. Note, however, that in Section IV, we will consider an exponential kernel which does not contain a biquaternion root of . A biquaternion is a biquaternion root of -1 iff
Assuming that is given by , it has been shown in [15] that, except for the trivial cases is a root of if it is a pure biquaternion (i.e., and are pure (real) quaternions 3 ) and the following two conditions are satisfied (12) where is a standard (real) quaternion-valued scalar product. Given two (real) pure quaternions and , their scalar product is given by . Any three mutually orthogonal roots of can be used as a basis to decompose a biquaternion. Indeed, given any biquaternion root of , and any biquaternion , it is possible to rewrite as (13) or equivalently (14) where is a biquaternion root of -1 orthogonal to and are complex numbers. Equation (13) and with . This decomposition can be carried out in the same way as described in [16] . It will be of use for the definition of a fast algorithm in Section V.
D. Exponential of a Biquaternion
The kernel of the biquaternion Fourier Transform is, like that of the usual Fourier transform, an exponential. As stated beforesee last paragraph Section II-C-we do not restrict our attention to exponential kernels containing biquaternion roots of . Here, the precise meaning of the exponential of a biquaternion is explained.
Definition 7: The exponential of a biquaternion is a biquaternion denoted , and given by the sum of the series (15) This series is convergent in the norm , for all . Indeed, the norm of the th term of the series is less than so that the norms clearly converge.
Thus, any biquaternion can be written in its exponential form as (16) where is its semi-norm and its normalized vector part, i.e.,
. If is a pure biquaternion 4 and provided that , then is a biquaternion root of . Using (15) , it is possible to express the exponential of a pure biquaternion as (17) Note that, in the general case, and are complex. Furthermore, for any biquaternion one can write (18) where is a complex number. 5 Finally, we mention the following properties which will be used in the study of the Hermitian symmetries of the BiQFT, Section IV. Given a biquaternion , then (19) In particular, in the case where is a pure biquaternion, then (20) and if , then
4 A biquaternion q 2 is called pure if its scalar part vanishes, i.e., S (q) = 0.
5 This identity follows from the fact that if p; q 2 commute then e = e e . In general, e 6 = e e , since biquaternion algebra is not commutative.
E. Biquaternions and Vector Signals
We now show how signals with different physical natures can be embedded in a biquaternion-valued signal. In Section IV, a generalization of the BiQFT is presented that allows to exhibit the physical nature of a signal as a symmetry of its BiQFT spectrum.
A biquaternion-valued signal is given by (22) where and are complex-valued signals. Such signals could represent various physical quantities captured on co-located sensors (for example dipoles and magnetic loops for electromagnetic signal recording).
It is a well known fact [14] that the components of a biquaternion are scalar, pseudo-scalar, vector and bivector. The identification is made in the following way, with possible signal association.
• is a scalar, invariant under all geometric transformations. An example of a scalar signal is an electric potential (voltage).
• is a pseudo-scalar, invariant under rotations but changing its sign in parity transformations.
• is a bivector. An example of a bivector valued signal is a magnetic field.
• is a vector, invariant in parity transformations but otherwise transforming like a vector. An example of a vector signal is an electric field. It is then obvious that biquaternion-valued signals can describe coexisting signals with different geometrical natures, for example, an electric signal and a magnetic signal propagating together. They can be encoded in for the magnetic field and in for the electric field. It is then possible to process these signals together but still treat the electric signal as a vector quantity and the magnetic signal as a bivector quantity (preservation of their physical natures). Also, the biquaternion model allows us to take advantage of all the information available in the electromagnetic field.
Finally, we note that the polarization-dependent effects of propagation may be directly modeled on electromagnetic signals via Clifford (biquaternion) transformations [17] . This motivates our development of a Fourier transform for such signals. We stress again the fact that this is not possible with a long vector containing the components of both fields, nor with a quaternion-valued signal.
III. THE BIQUATERNION FOURIER TRANSFORM: BIQFT
In the sequel, we will consider discretized biquaternionvalued signals. This approach is sufficient for the properties we will discuss. It is also closer to numerical implementation. Thus, the discretized signal will be indexed as with the sample number. A biquaternionvalued signal will be considered as a vector of , i.e., . After introducing definitions and properties of the biquaternion Fourier transform, we give, in Section III-C, an example of an application of the BiQFT that takes advantage of its biquaternion nature. This application involves defining the notion of hyperanalytic signal which generalizes the concept of the (complex) analytic signal of a real signal to the (hypercomplex) hyperanalytic signal of a complex signal. In Section IV, we consider a generalized version of the BiQFT which has interesting Hermitian symmetry properties.
In this paper, we limit the transforms considered to the case of a single exponential kernel on the left or right of the signal function (this is usually called a one-sided hypercomplex transform). It is possible (indeed likely) that various two-sided transforms can be formulated with exponentials on both sides of the signal function, but we have not considered this to date, because the one-sided transforms defined by Ell and Sangwine [12] for quaternions have proved to be versatile, and we have found that the one-sided biquaternion transforms defined in this paper have similar properties. It may be worthwhile to study the two-sided case, but there are many possibilities and establishing which ones are invertible is not a trivial task.
A. The Left and Right BiQFT
We now introduce the definitions of the left and right biquaternion Fourier transform.
Definition 8: Given a biquaternion root of , then for every biquaternion-valued signal , its Left BiQFT is defined as LQFT (23) where is a frequency variable.
In a similar way, we define the Right BiQFT by changing the order of the signal and the exponential.
Definition 9: Given a biquaternion root of , then for every biquaternion-valued function , its Right BiQFT is defined as RQFT (24) where is a frequency variable. It is very important to note that to every different chosen there corresponds a different transform. We call the axis of the transform. If, as a special case, is chosen, then one obtains a transform equivalent to that defined by Ebling and Scheuermann [11] . Since the exponential in this case is complex, and not quaternion-or biquaternion-valued, the transform is equivalent to independent complex Fourier transforms applied to the components of the biquaternion signal. Another special case is when is chosen to be a quaternion (not biquaternion) root of , in which case the transform is equivalent to two independent quaternion transforms as defined in [12] applied to the real and imaginary parts of the biquaternion signal. It is only when is chosen to be a biquaternion that we obtain a truly biquaternion Fourier transform in which the samples of the biquaternion signal are treated as a whole, and not as independent components.
The left and right transforms are both invertible, as follows 6 : (25) and (26) The proof of these inversion formulae is the same as for a usual discrete Fourier transform. It is based on the fact that is an root of unity. The left and right BiQFTs are related by the two following identities:
where and denote the simplex and perplex parts of with respect to , i.e., where and are biquaternion-valued in . The proof of these identities is given in the Appendix A.
In the following, when the type of the transform, left or right, is not specified, then the property considered is true for both.
B. The Convolution Theorem
The convolution of two functions and is defined as . This identity is a generalization of the convolution theorem for quaternion-valued functions, proved in [18] . It can be proved in the same way.
C. Hyperanalytic Signal
We present here a brief exposition of an application of the BiQFT which makes use of the biquaternion nature of the 6 We are here adopting the convention of applying the scale factor (1=N ) to the inverse transform, which is not, of course, the only possibility. transform by generalizing the concept of the (complex) analytic signal of a real signal [19] , [20] to the case of a complex signal with a hypercomplex (in fact biquaternion) analytic signal. Given a real-valued signal , its analytic signal is a complex-valued signal with the following important properties:
(where means orthogonal). The modulus of is the envelope of . The analytic signal is defined in terms of the Hilbert transform of . In the discrete case it can be computed by suppressing the negative frequency components of the Fourier transform of : the inverse Fourier transform of the modified spectrum yields the analytic signal. This is explained thoroughly by Bracewell [21, Chapter 13] .
We now generalize this idea to the case where is complexvalued and demonstrate a result that shows the validity of the idea. There is much work to be done to develop the theoretical explanation of this result. Nevertheless it shows that the BiQFT makes possible a generalization of the analytic signal in a very straightforward way. Using the BiQFT implementation in [2] , we have taken a complex-valued discrete signal defined as where , and computed its BiQFFT by placing in the scalar part of a biquaternion signal with zero vector part. Suppressing the negative frequency coefficients, and doubling the amplitude of the positive frequency coefficients in exactly the same way as in the standard case with a complex FFT we obtain the Fourier spectrum of a hyperanalytic signal. The inverse BiQFFT yields the hyperanalytic signal itself , which is, of course, biquaternion-valued. The semi-norm (defined in (10)) of the hyperanalytic signal is complex, and we find that it is indeed a complex envelope as shown in Fig. 1 : notice that the complex envelope is tangent to the original signal at some of the points of inflexion. The computation of this complex envelope requires phase unwrapping, otherwise it exhibits discontinuities, but otherwise it is simply the complex modulus of . We have found that the complex envelope is independent of the transform axis , even though each choice of transform axis yields a different hyperanalytic signal. We find also that the modulus of the complex envelope is the envelope of the modulus of , as shown in Fig. 2 , suggesting that the complex envelope is indeed fundamental. 7 Furthermore, it is possible to derive a complex signal orthogonal to by projection of the hyperanalytic signal onto any biquaternion direction perpendicular to the transform axis . (Projection of onto yields .) A full study of the properties of the hyperanalytic signal must be deferred to a later paper but the results demonstrated here show that the BiQFT provides a simple and natural way to extend the idea of the analytic signal to the case of a complex signal with a hypercomplex hyperanalytic signal. Of course, the BiQFT may not be the only way in which a hyperanalytic signal can be computed, but that also remains a subject for further study.
IV. HERMITIAN SYMMETRIES
In this section, the Hermitian symmetries of the BiQFT are studied. As in the case of the classical Fourier transform, the BiQFT representation translates the symmetries of the signal to Hermitian symmetries of the spectrum. It has been mentioned, Section II-E, that a biquaternion-valued signal can be used to encode several coexisting/copropagating physical signals of different geometric natures. In this section it will be seen that by allowing a more general choice of the axis of the BiQFT-in fact, by allowing an axis of the transform which is not a biquaternion root of -the transform gains additional Hermitian symmetry properties, that allow it to transform signals with different geometric natures into spectra with complementary Hermitian symmetries. In other words, the Hermitian symmetry properties obtained in this way preserve the separation, explained in Section II-E, between signals of various geometries which are the components of a biquaternion-valued signal. This means that the BiQFT of a biquaternion-valued signal will map the different components of the signal having different geometries to parts of the spectrum with different symmetries.
Let us consider the left and right BiQFT, as defined in formulae (23) and (24). We now consider that in these formulae is a pure biquaternion, not necessarily a root of . The transforms obtained in this way generalize the BiQFT. These generalizations retain many of the properties given in Section III. We discuss which of these properties continue to hold and which need to be modified in Appendix B. In the following we continue to refer to these generalized transforms, whose axis is not a root of , as the left and right BiQFT. 7 The value of used for the computation of Fig. 2 was i i i+(1+I)j j j+(10I)k k k. The same result is obtained for other values of .
The specificity of biquaternions is that there are two essential kinds of conjugation, quaternion conjugation and complex conjugation. With an adequate choice of the transform axis, the BiQFT will have Hermitian symmetry properties with respect to each of these two kinds of conjugation. We examine these properties in the two following paragraphs.
A. Symmetries With Respect to Quaternion Conjugation
Let be a biquaternion-valued function. Then its BiQFT satisfies the following property:
This property can be proved by direct calculation of using identity (20) . Note that in order to apply (20) , the axis must satisfy . Using identity (31), it is possible to prove the two following properties-see Appendix C: It is obvious that the quaternion conjugation in the biquaternion Fourier domain allows us to exhibit some symmetries of the considered signal. In order to extract more symmetries, complex conjugation has to be considered.
B. Symmetries With Respect To Complex Conjugation
The Hermitian symmetry of the BiQFT with respect to quaternion conjugation, described by property (31), allows the separation of the spectra of and -for a biquaternion-valued function -based on their symmetries. To be able to separate and in the same way, we need to use the Hermitian symmetry of the BiQFT with respect to complex conjugation. The Hermitian symmetry with respect to complex conjugation is described by the following property:
Let be a pure biquaternion such that . Then the BiQFT of with respect to axis satisfies the following property:
(32) Again, this can be proved by direct calculation, using identity (21) . In order for (21) to apply, the axis needs to satisfy . This means that it cannot be a root of . If we limit the choice of to roots of we can only obtain the symmetry with respect to quaternion conjugation (31).
The two following properties result from (32), in the same way as Property 1 and Property 2 result from (31):
Property 3: Let with be a (real) quaternion-valued signal, then:
• is even; • is odd. • is odd; • is even. These separations between the components of the biquaternionvalued signal are only accessible through complex conjugation.
C. Synthesis: Separating the Spectra of Signals With Different Geometries
Now we will see how the BiQFT maps signals that are scalar, pseudoscalar, vector or bivector, into spectra that have different Hermitian symmetries. This is based on the simultaneous use of the Hermitian symmetries of the BiQFT with respect to quaternion and to complex conjugation (i.e., properties (31) and (32)). Property (31) allows the parts and of a signal to be separated in the Fourier domain. Property (32) separates and . If we use the two properties simultaneously, we can separate the spectra of the four parts and , that is of the-respectively, as it was seen in Section II-E-scalar, pseudoscalar, vector and bivector parts of the signal .
Remember that property (31) is only verified if the axis of the transform verifies . Property (32) is only verified if . Indeed these conditions are necessary for (20) and (21) . So in order to have (31) and (32) together, it is necessary that the axis verifies and . This choice of axis allows maximum Hermitian symmetry of the BiQFT and makes possible the separation of all four parts/components of the signal (scalar, pseudoscalar, vector and bivector) in the Fourier domain.
Let verify and . We consider the BiQFT, with axis , of a scalar, a pseudoscalar, a vector and a bivector signal. Each of these four signals verifies one of the two properties 1 and 2 of paragraph IV-B, and one of the two properties 3 and 4 of paragraph IV-B. Thus, the BiQFT of these signals are subject to four conditions, two from each property which is verified. For instance, a scalar signal verifies properties 1 and 3 and its BiQFT is subject to the symmetry conditions stated in each of these two properties.
For each of the four kinds of signals, we can solve the symmetry conditions imposed by the verified properties and obtain Table I , where we denote the signal by and its BiQFT by . 8 No two lines of this table are identical. This means that the BiQFT of each of the four kinds of signals has completely different symmetry. In other words, scalar, pseudoscalar, vector and bivector signals are mapped by the BiQFT to spectra that have complementary symmetries and that are, in this way, distinguishable from one another.
Just as in the original biquaternion-valued signal, the four kinds of signals are separated on different components. They are, in the BiQFT of the signal, separated on orthogonal subspaces (due to the multivector structure of biquaternion vector space) of functions with a particular symmetry.
V. THE BIQFFT ALGORITHM
In this section, a fast algorithm for calculating the BiQFT is presented: the fast BiQFT, or BiQFFT. The complexity of this algorithm is the same as the usual FFT, i.e., , apart from a scale factor. The BiQFFT algorithm is based on the one introduced in [16] for the quaternion Fourier transform (see also [12] ).
The BiQFFT algorithm first decomposes the BiQFT into four complex Fourier transforms. This is done using a linear transformation. The four complex Fourier transforms can then be calculated using an existing FFT algorithm or code. The linear transformation is then inverted and the BiQFT is retrieved. This means that the BiQFFT algorithm costs four complex FFTs plus a constant time for the linear transformation, which will be small compared to the time taken to compute the four complex transforms. We will first define the BiQFFT for the calculation of the left BiQFT and then explain how it can be modified in order to calculate the right BiQFT.
A. Factorization of the BiQFT Into Four Complex Transforms
Consider the biquaternion-valued signal given in (22) and express it in terms of a complex orthonormal basis defined by , the transform axis. The complex orthonormal basis is defined by and two other unit pure biquaternions and such that and (and ). 9 This basis induces a simplex/perplex decomposition which is the basis of the algorithm presented here. As in the real quaternion case presented in [12] , it is much more efficient numerically to implement the decomposition by a change of basis. The only difference here is that the basis is complex rather than real. The basis may be represented by a 3 3 complex orthogonal (not Hermitian) matrix Given a value for , the choice of and is arbitrary within the constraints given. As an example, if we take the real part of to be in the direction thus:
, then a suitable value for the imaginary part is , so that , which has a (real) modulus of 1 and a square of as can easily be verified algebraically. This value for could be said to be a natural choice since it does not favor any of the or directions (at least in the real part). In general of course, the choice of (complex) direction for must be dependent on the application and the nature of the signals, particularly where some preferred direction exists. This
remains a topic to be studied as the transforms defined in this paper are applied to real-world applications.
In the new basis, we have Using this change of basis, we are able to separate the transform into the sum of two transforms:
We now separate the terms on the right into real and imaginary parts and group the real components together and the imaginary components together to make four complex terms.
All four of the transforms within this expression are now isomorphic to a complex Fourier transform. That is, we may replace with (the complex root of ) in order to compute the transform, and we will obtain the same numeric results. In computing these four 'complex' transforms, we can use any available FFT algorithm. After computing the four complex transforms, all that remains is to re-assemble the parts of and invert the change of basis. The latter step is equivalent to multiplying out the factors of and appearing above, but it is more easily performed by a change of basis using the transpose of the original basis matrix used to change from the standard basis to the basis.
B. Algorithm for the Right BiQFT
We use formula (28) plus a standard DFT trick. Formula (28) shows that the left BiQFT can be expressed in terms of the right BiQFFT provided the signal is split into simplex and perplex components, as shown in Appendix A. The first term in formula (28) is the right BiQFFT of the simplex part. In fact, because the simplex part commutes with the hypercomplex exponential, the right BiQFFT of the simplex part is identical to the left BiQFFT of the simplex part. The second term is the right inverse BiQFFT of the perplex part, or it may be regarded as the right BiQFFT of the perplex part with negated , apart from the scale factor of . Since the computation of the left BiQFFT requires separation into simplex and perplex parts, as shown in the previous section, the only change needed to compute the right BiQFFT is to the computation of the BiQFFT of the perplex part. This requires the hypercomplex exponential to be conjugated, which is a trivial implementation problem. In fact a trick is used: instead of conjugating the exponential (which would require a special modification to the FFT code, or a call to an inverse FFT), the signal is conjugated before computing the FFT, and the result is conjugated afterwards. 10 The interested reader is referred to our open-source code in [2] for details. 11 In this way, a right BiQFFT algorithm, similar to the one given in Section V-A, can be defined. It has the same complexity, . Note that in order for the two fast algorithms that have been presented for the left and right BiQFT to work, the transform axis must be a biquaternion root of . It was explained in Section IV-C that in order to take full advantage of the Hermitian symmetries of the BiQFT, we must choose an axis such that and . Since such an axis can not be a root of , the BiQFFT algorithm we have presented can not be applied in this case.
VI. CONCLUSION
We have introduced the Biquaternion Fourier transform, or BiQFT. This transform is a tool for the harmonic analysis of biquaternion-valued signals. Our interest for these signals is motivated by their ability to encapsulate several physical signals with different geometric properties into one biquaternion signal representation. We have considered an application of this transform in the form of the definition of the hyperanalytic signal. This notion generalizes that of the analytic signal to complexvalued signals. It is based on the biquaternion structure of the BiQFT. We have also discussed the Hermitian symmetries of the BiQFT. We have seen under what conditions these symmetries retain, in the spectral domain, the separation between signals with different geometric natures that exists in the time domain. Finally, the BiQFFT algorithm was introduced. This fast algorithm allows the calculation of the BiQFT in a time of the order of , using a complex change of basis and four usual FFTs. This allows efficient implementation of the BiQFT using commonly existing libraries. The BiQFFT algorithm is implemented in the quaternion toolbox for Matlab [2] , developed by two of the authors.
APPENDIX
In this Appendix, we prove some of the properties given in the paper. This is an interesting exercise as it shows instances of how we can manipulate the BiQFT. In part A we prove the identities (27) and (28), relating the left and right transforms. In part B we discuss the properties of the BiQFT with an axis which is not a biquaternion root of , which was proposed in Section IV. In particular, we see how it can be inverted. Finally, in part C we prove the Hermitian symmetry properties of Section IV.
A. Relations Between the Left and Right Transforms
Here we prove the identities (27) and (28) relating the left and right BiQFT.
The proof of (27) is based on the commutation relation, true for any two biquaternions and :
(33) 10 This is the standard DFT trick referred to above: an inverse DFT can always be computed by conjugating the signal, computing a forwards DFT, and conjugating the result. This follows simply from the identity AB = (A B) . 11 See the file qfft.m Now, notice that-from formula (17)-. It follows that
Now summing on we obtain (27). The proof of (28) is also based on commutation relations. Let and be the simplex and perplex parts of with respect to , as defined in Section II-C. Then: (34) Noting that commutes with the exponential kernel, while commutes with it after conjugation. The last equation becomes By summing both sides, we obtain (28).
B. The BiQFT With an Axis Which Is Not a Root of
In Section IV, we proposed to use a BiQFT with an axis which is not a root of . By relaxing this restriction on the axis of the transform, some of the properties of the BiQFT are changed. For example, all the properties in Section III that use the decomposition of the signal into simplex and perplex parts do not hold for a BiQFT with not a root of . This is for the simple reason that the simplex and perplex parts have no meaning in this case-see Section II-C. The most important properties that are lost when we consider are those related to the inversion of the BiQFT. It is not possible, for , to invert the BiQFT using the inversion formulae (25) and (26). Indeed, if is not a root of then is not an root of unity. In this part of the Appendix, we will discuss the inversion of the BiQFT, in this more general case. However, let us first give a more general form of identity (27), which remains valid when . This will be of interest in the following part C of the Appendix.
Let be some biquaternion valued signal, then its left and right BiQFT, with respect to any axis , are related by the identity (35) where is the semi-norm of , given by (10) , and . This identity can be proved in the same way that (27) was proved in part A-with the same use of formula (17) . It reduces to (27) when . In Section IV, we propose to use an axis of the transform which is pure-i.e., has zero scalar part-and pure imaginary -i.e., has zero real part. This is the choice of the axis of the transform that achieves the highest degree of symmetry. In order to invert a BiQFT with an axis of this kind, it is possible to perform the following trick: Start by complexifying the frequency index , write . The "BiQFT" obtained in this way, which is a function of the complex index , is given by (36) Of course the BiQFT of is just the above quantity taken for . Note that Now since is a biquaternion root of , we can rewrite the above equation LQFT where the axis of the transform is a root of . Now, this transform can be inverted using the standard formula (25). Using this fact we obtain (37)
We see that a BiQFT with an axis which is not a root of can not be inverted by itself. However it is possible to invert it by complexifying its frequency variable.
C. Hermitian Symmetries of the BiQFT
In Section IV, we use relations (31) and (32) to establish Hermitian symmetries of signals with specific geometry. These symmetries are included in the four properties given in that section, which we have labelled Property1, Property2, Property3, and Property4. We show here how (31) leads to Property1 and Property2.
Property1 concerns the BiQFT of a complex-valued signal . Its BiQFT verifies (31). Replacing in this property the two following identities verifies for any complex-valued signal:
The second identity is verified since a complex number commutes with any biquaternion. The following equation follows:
Property1 follows from decomposing this last equation into its vector and scalar parts. We turn to Property2. The signal is pure biquaternion, its BiQFT is noted . The proof can be done by replacing in (31) the identities LQFT RQFT
The second of these identities can be seen to follow from (35) or (27). In the same way as these two properties-Property1 and Property2-have been shown to follow from (31), Property3 and Property4 can be shown to follow from (32).
